This paper deals with the enumeration of various families of Cayley graphs and digraphs. Both the directed and undirected cases of the following three families are studied: Cayley graphs on cyclic groups, known as circulant graphs, of square-free order, circulant graphs of arbitrary order n whose connection sets are subsets of the group of units of Zn, and Cayley graphs on elementary abelian groups.
Introduction
The ÿrst author's initial foray into the topic of graphs and groups was reading Turner's elegant 1967 paper [19] in which he enumerated the vertex-transitive graphs of prime order. It is not hard to see, in fact, that every vertex-transitive graph of prime order is a Cayley graph on a cyclic group, thus suggesting the possibility of extending his results to other families of Cayley graphs. Moreover, although not explicitly discussed in [19] , it is easy to verify the techniques apply equally well to Cayley digraphs on cyclic groups of prime order which suggests a further extension to Cayley digraphs. The subject of this paper is the extension of Turner's results to other families of Cayley graphs and digraphs. The vast majority of the results in this paper form a portion of the second author's M.Sc. thesis [13] .
To make certain we are all on the same page, we now deÿne a few terms.
Deÿnition 1.1. Let S be a subset of a ÿnite group G satisfying 1 = ∈ S, where 1 denotes the identity of G. A subset S satisfying the above condition is called a Cayley subset. The Cayley digraphX (G; S) is deÿned to be the digraph whose vertices correspond to the elements of G with an arc from g to h if and only if h = gs for some s ∈ S. The set S is called the connection set andX (G; S) is called a Cayley digraph on the group G. If, in addition, S = S −1 , that is, s ∈ S implies that s −1 ∈ S, then we deÿne the Cayley graph X (G; S) by letting its vertices be the elements of G with an edge between g and h if and only h = gs for some s ∈ S. The set S is again called the connection set. Deÿnition 1.2. We let C(G) denote the set of Cayley graphs on the group G, and let C(G) denote the set of Cayley digraphs on G. Deÿnition 1.3. If G is a cyclic group, the elements of C(G) are called circulant graphs. Likewise, Cayley digraphs on cyclic groups are called circulant digraphs. In the case of circulant graphs and digraphs on the cyclic group of order n, we shall use the notation X (n; S) andX (n; S), respectively.
We let Z n denote the ring of integers modulo n. We shall use Z * n to denote the multiplicative group of units in Z n . Frequently, we are interested only in the additive group structure of Z n and in order to avoid confusion, we shall use the notation (Z n ; +) in these situations. In fact, we always view circulant graphs and circulant digraphs as Cayley graphs on (Z n ; +).
Two groups are said to be isomorphic if and only if there is an adjacency preserving bijection between their respective vertex sets. What Turner did in [19] was to prove that two circulant graphs X (p; S 1 ) and X (p; S 2 ) of prime order p are isomorphic if and only there exists an a ∈ Z * p such that aS 1 = S 2 , where aS 1 denotes the set {as: s ∈ S 1 } and as denotes the product of a and s in Z p . Therefore, the isomorphism classes are equivalence classes under the multiplicative relation just deÿned. Furthermore, the multiplicative relation can be viewed as the action of a group acting on the set of connection sets. The equivalence classes are nothing more than the orbits of the group. The latter fact enabled Turner to employ PÃ olya's Enumeration Theorem [3] to completely solve the problem.
The key to extending Turner's enumeration results is the observation that multiplication by a ∈ Z proved is that two circulant graphs of prime order are isomorphic if and only if there is some automorphism of the underlying cyclic group which simultaneously acts as an isomorphism between the two graphs. This leads to the following deÿnitions. Deÿnition 1.4. Let X (G; S 1 ) be a Cayley graph on a ÿnite group G. We say that X (G; S 1 ) is a CI-graph provided that X (G; S 1 ) is isomorphic to X (G; S 2 ) if and only if there is a group automorphism ∈ Aut(G) satisfying (S 1 ) = S 2 . Similarly, a Cayley digraphX (G; S 1 ) on G is said to be a DCI-digraph provided thatX (G; S 1 ) is isomorphic toX (G; S 2 ) if and only if there is a group automorphism ∈ Aut(G) satisfying (S 1 ) = S 2 .
Deÿnition 1.5. If every Cayley graph on a ÿnite group G is a CI-graph, then G is said to be a CI-group. Similarly, if every Cayley digraph on G is a DCI-digraph, then G is said to be a DCI-group.
In this terminology, Turner proved every cyclic group of prime order is a CI-group. If G is a DCI-group, then the orbits of Aut(G) acting on the Cayley subsets of G correspond to the isomorphism classes of the Cayley digraphs on G. The situation for Cayley graphs is almost the same except that in order for a Cayley graph to be deÿned, the Cayley subset S must satisfy S = S −1 . (We shall call such Cayley subsets inverseclosed Cayley subsets.) Thus, we consider the action of Aut(G) on the inverse-closed Cayley subsets in the case of Cayley graphs.
The strategy for extending his enumeration results is now clear. For every group G which is a CI-group or DCI-group, we examine the action of Aut(G) on the inverseclosed Cayley subsets or Cayley subsets of G. We want to determine the number of orbits in both cases. We complete the introduction by indicating how PÃ olya's Enumeration Theorem becomes involved.
For simplicity we discuss Cayley digraphs and make the obvious connection with Cayley graphs at the end. Suppose G is a DCI-group. The group Aut(G) acts in an obvious way on the Cayley subsets of G. We want to determine the number N of orbits of that action. To do so using PÃ olya's Theorem we ÿrst compute the cycle index (deÿned below) of Aut(G) acting on G − 1, where G − 1 denotes the nonidentity elements of G. We can think of each Cayley digraph as being determined by its connection set and, in turn, we can think of the connection set as being deÿned by its characteristic function. So we can think of the Cayley digraphs as corresponding to functions from G − 1 to {0; 1}. PÃ olya's Theorem tells us that the number N equals the cycle index evaluated with each indeterminate set to the cardinality of the range of the functions which, in this case, is 2.
The cycle index of a permutation group G acting on a ÿnite set , denoted Z(G; ), is deÿned in the following way. For any g ∈ G, look at the disjoint cycle decomposition of g. Suppose there are e(i) cycles of length i in the decomposition. Then form the monomial
which terminates because is ÿnite. The cycle index is then deÿned by
The following theorem is the tool we use to count the number of non-isomorphic Cayley graphs and digraphs for families of CI-groups and DCI-groups. It is a standard setting for PÃ olya's Theorem and was used in essence in [19] . There are many similar results in [3] . Theorem 1.6. If G is a ÿnite DCI-group and denotes the Cayley subsets of G, then the number of non-isomorphic Cayley digraphs on G is obtained by evaluating Z(Aut(G); ) with every indeterminate set to 2. Similarly, if G is a ÿnite CI-group and denotes the inverse-closed Cayley subsets of G, then the number of nonisomorphic Cayley graphs on G is obtained by evaluating Z(Aut(G); ) with every indeterminate set to 2.
Circulant graphs and digraphs
Turner's result applies to Cayley graphs on cyclic groups of prime order. A natural extension of this is an attempt to remove the restriction on the group having prime order. In fact, Ã AdÃ am [1] conjectured that every ÿnite cyclic group is a CIgroup. It appeared about 4 months earlier than Turner's paper, but the latter apparently did not know about Ã AdÃ am's conjecture at the time. Ã AdÃ am's conjecture generated considerable activity. A counterexample to the conjecture came quickly [6] , but the ÿnal resolution of which cyclic groups are CI-groups was completed only recently by Muzychuk [15] . Theorem 2.1 (Muzychuk [15] ). The cyclic group Z n is a CI-group if and only if n = 8; 9; 18 or n = 2 e m, where e ∈ {0; 1; 2} and m is odd and square free.
His result also includes the digraph case which we state separately for clarity.
Theorem 2.2 (Muzychuk [15] ). The cyclic group Z n is a DCI-group if and only if n = 2 e m, where e ∈ {0; 1; 2} and m is odd and square free.
We shall consider the digraph case ÿrst. Let n = p 1 p 2 · · · p t , where p 2 ; p 3 ; : : : ; p t are distinct odd primes. If n is odd, then p 1 is a distinct odd prime as well. If n is even, then p 1 = 2 or 4. We want to determine the cycle index of Aut(Z n ) acting on Z n − 0 (we use 0 for the identity in the case of circulant graphs and digraphs because we think of them as Cayley graphs and digraphs on the additive group (Z n ; +)). This action is simply multiplication by elements of Z * n carried out in Z n . The most convenient way to look at Aut(Z n ) is via the Chinese Remainder Theorem. Using this famous theorem, we have a very nice one-to-one correspondence between the elements of Z n and the set T of t-tuples {(x 1 ; x 2 ; : : : ; x t ) : 0 5 x i 5 p i − 1; i = 1; 2; : : : ; t}. Going from y ∈ Z n to an element of T, we use the residue of y modulo p i in coordinate i. The Chinese Remainder Theorem tells us the reverse procedure gives us a unique element in Z n for each element of T. When n is odd, an element of T corresponds to an element of Z * n if and only if each coordinate is non-zero. When n is even, the ÿrst coordinate must be odd.
Multiplication of two elements of T is obtained by multiplying coordinate by coordinate. This allows us to determine the cycle structure of the action of an element in Z * n rather easily. Let = (a 1 ; a 2 ; : : : ; a t ) ∈ Z * n . The order-type of is the t-tuple (d 1 ; d 2 ; : : : ; d t ), where d i is the order of a i in Z * pi . Let R ⊆ {1; 2; : : : ; t}. Let T R = {(x 1 ; x 2 ; : : : ; x t ) ∈ T: x i ∈ Z * pi if and only if i ∈ R}. Thus, the elements of T R are zero in any coordinate i = ∈ R corresponding to an odd prime, and when n is even and 1 = ∈ R, then the ÿrst coordinate is even. When R = ∅, T R = {(0; 0; : : : ; 0)} unless p 1 = 4 in which case T R = {(0; 0; : : : ; 0); (2; 0; 0; : : : ; 0)}.
Note that |T R | = i∈R |Z * pi | except when p 1 = 4 and 1 = ∈ R. In the latter case, |T R | = 2 i∈R |Z * pi | because both 0 and 2 will occur in the ÿrst coordinate. Multiplication by ÿxes T R setwise. A typical cycle on T R has the form x; (x); 2 (x); : : : and closes o with length equal to the order of restricted to the coordinates corresponding to R. The latter order is nothing more than the least common multiple of the orders in the order-type of restricted to the same set of coordinates. This observation allows us a straightforward generalization of Turner's Theorem in that we can sum over all the possible order-types. 
where the sum is taken over all possible order types of ∈ Aut(Z n ), the product is taken over all non-empty subsets R of {1; 2; : : : ; t} unless p 1 = 4 in which case R = ∅ is included and T ∅ = {(2; 0; 0; : : : ; 0)}, and lcm(R) denotes the least common multiple of the d i terms in the coordinates corresponding to the elements of R. . Since p 1 = 4, the term corresponding to R = ∅ appears in the product, but this element, which is (2; 0) = 10 ∈ Z 20 , is ÿxed by every automorphism thereby contributing x 1 to the product. The action on the terms corresponding to R = {1} is the identity contributing x We now move to the undirected case. Some additional work is required because of the fact that Cayley graphs require the connection sets to be inverse-closed. In other words, if we choose to put y in the connection set, then we must also include −y. Thus, instead of considering the action of Aut(Z n ) on Z n − 0, we consider the action on the set of pairs {y; −y} chosen from Z n − 0. We shall call them the set of inverse pairs. In the digraph case we could have calculated the cycle index using the product formula [9, 17] and the cycle indices for Z(Aut(Z pi ); Z pi ). However, because of the inverse pairs, it is not a suitable approach in the undirected case.
There are three exceptional values in Theorem 2.1 and we handle them separately. These values are n = 8; 9 and 18. The cycle index of Aut(Z 8 ) acting on the inverse pairs for Z 8 − 0 is For the remaining appropriate values of n, we have already described the action of Aut(Z n ) on Z n − 0. We translate this into the action on the inverse pairs by essentially identifying y and −y. There are two possibilities. If y and −y lie in the same cycle, then the cycle must have length 2m for some m, and m (y) = −y must hold. Therefore, this cycle collapses to a single cycle of length m for the corresponding action on inverse pairs. If y and −y lie in di erent cycles, then the two cycles have the same length m and the entries of one cycle are simply the negatives of the entries of the other cycle. Hence, these two cycles of length m collapse to a single cycle of length m for the corresponding action on inverse pairs.
As above let = (a 1 ; a 2 ; : : : ; a t ) ∈ Z * n . How can we recognize when y and −y lie in the same cycle of the action of on Z n −0? Suppose y ∈ T R for some R ⊆ {1; 2; : : : ; t}, that is, y = (y 1 ; y 2 ; : : : ; y t ), where y i ∈ Z * pi if and only if i ∈ R. Then (y) = (a 1 y 1 ; a 2 y 2 ; : : : ; a t y t ) and so on for 2 (y); 3 (y); : : : . Thus, if m (y) = −y for some positive integer m, where m is the smallest such positive integer, then a m i = −1 for each i ∈ R. This implies that d i , the order of a i ∈ Z pi , is even. Further, if d i = 2 e b, where b is odd, then m must be an odd multiple of 2 e−1 b. But this must hold for each i ∈ R so that every d i , i ∈ R, has 2 e as the largest power of 2 which divides d i . Therefore, for y ∈ T R , y and −y lie in the same cycle of the action of = (a 1 ; a 2 ; : : : ; a t ) on Z n − 0 precisely when the orders of all a i ; i ∈ R, are even and the same power of 2 times an odd number.
The preceding discussion allows us to give the undirected analog of Theorem 2.3 as soon as we introduce some new notation in the next deÿnition. Theorem 2.6. Let n = p 1 p 2 · · · p t , where either p 1 ; p 2 ; : : : ; p t are distinct primes, or p 1 = 4 and p 2 ; p 3 ; : : : ; p t are distinct odd primes, and let denote the set of inverse pairs of Z n − 0. The cycle index Z(Aut(Z n ); ) is given by 1 (n) (d1; d2;:::
where the sum is taken over all possible order types of ∈ Aut(Z n ), and the product is taken over all non-empty subsets R of {1; 2; : : : ; t} unless p 1 = 4 in which case R = ∅ is included and |T ∅ | is taken to be 2.
We complete this section with an example of the preceding theorem. We again use n = 20. 
Unit circulant graphs and digraphs
Even though the group Z n is neither a CI-group nor a DCI-group in general, there is a subclass of the circulant graphs and digraphs which is nicely behaved in this regard for all n. Deÿnition 3.1. If S ⊆ Z * n , then the circulant digraphX (n; S) is called a unit circulant digraph. Similarly, if S ⊆ Z * n is inverse-closed, then the circulant graph X (n; S) is called a unit circulant graph.
Toida [18] conjectured that every unit circulant graph is a CI-graph. The conjecture has been proved recently by Klin et al. [10] and independently by Dobson and Morris [5] . The proof includes the directed case as well so we include that in the following statement. Theorem 3.2. Unit circulant digraphs and unit circulant graphs are DCI-digraphs and CI-graphs, respectively.
The preceding theorem allows us to enumerate the unit circulant graphs and digraphs of order n. The notation is the same as that used in Section 2. We examine the directed case ÿrst. Let n = p e1 1 p e2 2 · · · p et t , where p 1 ; p 2 ; : : : ; p t are distinct primes and e i = 1 for i = 1; 2; : : : ; t. Every automorphism of (Z n ; +) arises from multiplication by an element of Z * n . We can write = (a 1 ; a 2 ; : : : ; a t ), where a i ∈ Z p e i i for i = 1; 2; : : : ; t. Of course, multiplication of a unit in Z n by a unit produces a unit so that Z * n is ÿxed setwise by . We want the cycle index of Aut(Z n ) acting on Z * n . The situation is the same as for the proof of Theorem 2.3 with R = {1; 2; : : : ; t} because T R = Z * n in this case. The next result now follows from the proof of Theorem 2.3. 
where the sum is over all order-types of elements in Aut(Z n ). When we move to unit circulant graphs, the same considerations come into play as for the move from circulant digraphs to circulant graphs in the preceding section. The proof of the following theorem is immediate from the discussions above. 
where the sum is over all order-types of elements in Aut(Z n ).
